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Solving the Wheeler-DeWitt of Small Universe
Shintaro Sawayama∗
Sawayama Cram School of Physics
Atsuhara 328, Fuji-city,
Shizuoka prefecture 419-0201, Japan
We can solve the Wheeler-DeWitt equation of the small universe enough to metric becomes
diagonal and take a Gaussian normal coordinate. Our previous works are concerning to this paper.
In this paper, we only write how to solve the Wheeler-DeWitt equation of such universe. Our
motivation is simple, that is to solve the Wheeler-DeWitt equation. Even if the Wheeler-DeWitt
equation is solved, quantum gravity does not complete yet. However, this work may be one of the
first step to quantum gravity.
PACS numbers: 04.60.-m, 04.60.Ds
I. INTRODUCTION
In the quantum gravity, there are many approaches, for example loop quantum gravity[1][2][3] or mini-superspace[7]
approachs or string approaches[4]. However, quantum gravity has not completed yet. In the canonical quantum
gravity, the difficulties comes from the Wheeler-DeWitt equation. At first we should solve the Wheeler-DeWitt[6]
equation the quantum gravity does not start.
In our previous work is concerning the Wheeler-DeWitt equation. Our motivation is simple to solve the Wheeler-
DeWitt equation. However, Wheeler-DeWitt is difficult to solve. Because it is second order elliptic functional partial
differential equation with non-linear term. The elliptic differential equation is difficult, but if we choose diagonal
metric, this problem is solved. The partial differential equation is difficult, but if we use additional constraint
equation, this problem is solved. The functional differential equation is difficult, but we construct how to solve the
functional differential equation. The non-linear term is difficult, but we construct the method to remove this difficulty.
We quantize diagonal metric universe by using Wheeler-DeWitt without approximation. We use the fact metric
become diagonal by coordinate transformation and Gaussian normal coordinate. Such universe is small universe. Or
we treat the Wheeler-DeWitt equation locally. Because gravity is quantize in very small universe. To treat such small
universe is theoretical.
In section II, we simplify the Wheeler-DeWitt equation. In section III we quantize toy model. And in this section
we show the step to solve the Wheeler-DeWitt. In section IV we quantize full quantum gravity, using the obtained
result in section III. In section V we summarize and conclude obtained result.
II. SIMPLIFICATION OF THE WHEELER-DEWITT
For simplicity we treat the only diagonal metric universes as,


g00 0 0 0
0 g11 0 0
0 0 g22 0
0 0 0 g33.

 (1)
And in all the spacetime metrics become diagonal locally. Or we treat small universe enough to metric become
diagonal. We start from decomposition of the Einstein Hilbert action of the above diagonal metric universe. The
action of the above universe is written by
S =
∫
RdM =
∫
R[gµµ]dSdt. (2)
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2Here S is the hyper-surface with constant time. Because, our method is different from the usual Wheeler-DeWitt
equation formalism, our obtained Hamiltonian constraint is a different type of the Wheeler-DeWitt equation. If we
decompose this action as 3+1, then we can obtain
L = q˙iiP ii +NH − 2√qDiN,i. (3)
Here N is the lapse functional and N,i is the sift vectors, and H is the Hamiltonian constraint such that
H =
1
2
qiiqjjP
iiP jj +R. (4)
Here R is the three dimensional Ricci scalar and P ii is the momentum whose commutation relation with qii is not i,
it is i
√
q. In this formulation there are not appear qij and P
ij and sift vectors and momentum constraint. So we can
ignore the constraint as [P ij , H ] or [[P ij , H ], H ], because we start with metric diagonal setting. In this simple case
we can ignore the diffeomorphism constraints. If we write the Hamiltonian constraint in the operator representation,
we obtain
H =
∑
ij
1
2
δ2
δφiδφj
+R[q11, q22, q33] = 0
=
∑
ij
1
2
δ2
δφiδφj
+
∑
i6=j
(φˆi,jj + φˆj,iφˆi,i)e
φˆi = 0. (5)
Here φi = ln qii. If we consider the φ were only depend t, xi, the Hamiltonian constraint becomes,
H =
∑
ij
1
2
δ2
δφiδφj
− Λ = 0. (6)
We use this Hamiltonian constraint in section III Because we only treat metric diagonal universe, the Hamiltonian
constraint has different form from the orthodox Hamiltonian constraint. This setting is similar to mini-superspace
model.
If universe is small enough to apply Gaussian normal coordinate, the Hamiltonian constraint become
H =
∑
ij
1
2
δ2
δφiδφj
+
∑
i6=j
φˆi,jje
φi = 0 (7)
We treat this Hamiltonian constraint in section IV
The static restriction deviated from up-to-down method[5] is
∑
i6=j
δ
δφiδφj
. (8)
III. SIMPLE EXAMPLE OF WHEELER-DEWITT
Before solving Eq.(7), we solve Eq.(6) for simplicity. We consider the following spacetime


−N2 0 0 0
0 g1(t, x) 0 0
0 0 g2(t, y) 0
0 0 0 g3(t, z)

 . (9)
To quantize this spacetime we take steps. The step 1 is using the static restriction we obtain special solution. The
step 2 is to remove the static restriction we obtain general solution. The we carry out step 1. The Eq.(6) and Eq.(8)
is consistent and simultaneously quantized. And the solution is
f [φ1, φ2, φ3] =
∏
i
exp(aiΛ
1/2
∫
δφi) (10)
3where
a1a2 + a1a3 + a2a3 = 1 (11)
a2
1
+ a2
2
+ a2
3
= 1 (12)
Then we carry out step 2. Using the above solution as a special solution, we assume the state is a form
|Ψ〉 = f [φi]g[φi]. (13)
And we remove the static restriction, then g[φi] should satisfy
∇(∇+ a)g[φi] = 0 (14)
Here, ∇ is defined by
∇ =
∑
i
δ
δφi
. (15)
And a is defined by a = Λ1/2
∑
i ai This equation can be solved easily and solution is
e−a
R
δφ1(−2
∫
δφ1 +
∫
δφ2 +
∫
δφ3) + e
−a
R
δφ2(−2
∫
δφ2 +
∫
δφ1 +
∫
δφ3)
+e−a
R
δφ3(−2
∫
δφ3 +
∫
δφ2 +
∫
δφ1) (16)
So the quantum state of (9) is
|Ψ(φi)〉 =
∏
i
exp(aiΛ
1/2
∫
δφi)
[
e−a
R
δφ1(−2
∫
δφ1 +
∫
δφ2 +
∫
δφ3)
+e−a
R
δφ2(−2
∫
δφ2 +
∫
δφ1 +
∫
δφ3) + e
−a
R
δφ3(−2
∫
δφ3 +
∫
δφ1 +
∫
δφ2)
]
(17)
IV. SOLVING THE WHEELER-DEWITT OF SMALL UNIVERSE
By the same method we can quantize following universe


−N2 0 0 0
0 g1(t, x, y, z) 0 0
0 0 g2(t, x, y, z) 0
0 0 0 g3(t, x, y, z)

 (18)
Here x, y, z are Gaussian normal coordinates. The step 1 is to use a static restriction to the Eq.(7), then we obtain
∑
i
δ2
δφ2i
+ 2φi,jje
φi = 0. (19)
Then we use parameter separation, i.e. the solution of the above equation is assumed to be written as
f [φi] = f1[φ1]f2[φ2]f3[φ3] (20)
Then Eq. (19) becomes
δ2
δφ2i
+ 2φi,jje
φi = 0 (21)
Or,
δ2
δa2i
+ 8∂j∂
j ln ai = 0. (22)
4Here ai = g
1/2
i . Then we use a following equation
− i(ln ai,jj)1/2 δ
δai
+ i
δ
δai
(ln ai,jj)
1/2 = iδ
1
2
(ln ai,jj)
−1/2a−1i,jj (23)
Now we briefly write ∂j∂
j ln ai = ln ai,jj . Off course it is diferent, we simplisitily use the latter. Then Eq.(22) becomes
δ2
δa2i
+ 2
√
2i(ln ai,jj)
1/2 δ
δai
− 2
√
2i
δ
δai
(ln ai,jj)
1/2 + 8 lnai,jj = i
√
2δ(ln ai,jj)
−1/2a−1i,jj (24)
Or (
δ
δai
+ 2
√
2i(ln ai,jj)
1/2
)(
δ
δai
− 2
√
2i(ln ai,jj)
1/2
)
=
√
2iδ(ln ai,jj)
−1/2a−1i,jj . (25)
Then we take following assumptions
δ
δai
+ 2
√
2i(ln ai,jj)
1/2 = g1[ai] (26)
δ
δai
− 2
√
2i(ln ai,jj)
1/2 = g2[ai]. (27)
Here,
g1[ai]g2[ai] = iδ
√
2(ln ai,jj)
−1/2a−1i,jj (28)
Then second partial functional derivative become ordinal functional derivative and the equation become following
δf1/2[ai]
δai
+ 2
√
2i(ln ai,jj)
1/2f1/2[ai] = g1[ai]f
1/2[ai] (29)
δf1/2[ai]
δai
− 2
√
2i(ln ai,jj)
1/2f1/2[ai] = g2[ai]f
1/2[ai]. (30)
From this equation we obtain
1
2
ln f [ai] =
∫
g1[ai] + 2
√
2i(ln ai,jj)
1/2δai (31)
1
2
ln f [ai] =
∫
g2[ai]− 2
√
2i(ln ai,jj)
1/2δai (32)
We can obtain the solution
f [ai] = exp
(
2
∫
g1[ai] + 2
√
2i(ln ai,jj)
1/2δai
)
(33)
f [ai] = exp
(
2
∫
g2[ai]− 2
√
2i(ln ai,jj)
1/2δai
)
(34)
Because f [ai] is same
g1[ai] = g2[ai]− 4
√
2(ln ai,jj)
1/2. (35)
Inserting this equation to Eq.(28), we obtain
g2[ai]
2 − 4
√
2(ln ai,jj)
1/2g2[ai] = iδ
√
2(ln ai,jj)
−1/2a−1i,jj . (36)
Exchangeng this equation, we obtain
g2[ai]
2 − 4
√
2(ln ai,jj)
1/2g2[ai]− iδ
√
2(ln ai,jj)
−1/2a−1i,jj = 0. (37)
By solving this second order function equation, we obtain
g2[ai] = 2
√
2(ln ai,jj)
1/2 ±
√
8 ln ai,jj + iδ
√
2(ln ai,jj)−1/2a
−1
i,jj . (38)
5Inserting this equation to Eq.(34), we obtain
f [ai] = exp
(∫
±2
√
8 ln ai,jj + iδ
√
2(ln ai,jj)−1/2a
−1
i,jjδai
)
. (39)
So the quantization of the spacetime as (18) is
f [a1, a2, a3] =
∏
i
exp
(∫
±2
√
8 lnai,jj + iδ
√
2(ln ai,jj)1/2a
−1
i,jjδai
)
. (40)
This is the special solution of quantization of the spacetime (18).
Then we carry out step 2, we remove the static restriction and we assume the state is the form of the
|Ψ〉 = f [ai]h[ai] (41)
Then we obtain
∇(∇+ h′[ai])h[ai] = 0. (42)
Here,
h′[ai] =
∑
i
±
√
8 lnai,jj + iδ
√
2(ln ai,jj)1/2a
−1
i,jj (43)
The functional partial derivative
(∇+ h′[ai])h[ai] = 0 (44)
is solved analytically. The solution is
h[ai] = exp
(∫ a1
h′[a′
1
,−a1 + a2 + a′1,−a1 + a3 + a′1]δa′1
)
(−2
∫
δa1 +
∫
δa2 +
∫
δa3)
+ exp
(∫ a2
h′[a1 − a2 + a′2, a′2,−a2 + a3 + a′2]δa′2
)
(−2
∫
δa2 +
∫
δa1 +
∫
δa3)
+ exp
(∫ a3
h′[−a3 + a1 + a′3,−a3 + a2 + a′3, a′3]δa′3
)
(−2
∫
δa3 +
∫
δa1 +
∫
δa2) (45)
So the quantum state of spacetime (18) is
|Ψ〉 =
∏
i
exp
(∫
±2
√
8 ln ai,jj + iδ
√
2(ln ai,jj)−1/2a
−1
i,jjδai
)
×
[
exp
(∫ a1
h′[a′
1
,−a1 + a2 + a′1,−a1 + a3 + a′1]δa′1
)
(−2
∫
δa1 +
∫
δa2 +
∫
δa3)
+ exp
(∫ a2
h′[a1 − a2 + a′2, a′2,−a2 + a3 + a′2]δa′2
)
(−2
∫
δa2 +
∫
δa1 +
∫
δa3)
+ exp
(∫ a3
h′[−a3 + a1 + a′3,−a3 + a2 + a′3, a′3]δa′3
)
(−2
∫
δa3 +
∫
δa1 +
∫
δa2)
]
(46)
This is the main result of our paper.
V. CONCLUSION AND DISCUSSIONS
We quantized diagonal metric space with Gaussian normal coordinate. By solving the Wheeler-DeWitt equation,
we know the form of the solution. We quantize two universe. The common feature is similarity of step 2. The step 2
is all ways solved. So the important point is to find the special solution.
6There are many further work. Once we should calculate the inner product and norm. If the normalization is end
the state is used to calculate the averaged value. Or we should discuss problem of the norm. This open issue is very
important one. And we should search the initial singularity or the black hole singularity. Our work does not end.
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